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We now define a Leonard pair. From now on
K wtll denote a field.
We recall the notton of a Leonard pair. To do
this, we frrst recall what it means for a matrix
to be tridiagonal.
The foiowlng matrices are tridiagonal.
$(\begin{array}{llll}2 3 0 01 4 2 00 5 3 3\mathrm{o} 0 3 0\end{array})$ , $(\begin{array}{llll}2 3 0 00 4 2 00 2 1 00 0 1 5\end{array})$ .
Tridiagonal means each nonzero entry lies on
either the diagonal, the subdiagonal, or the
superdiagonal.
The trld[agona} matrix on the left is irreducible.
This means each entry on the subdiagonal is
nonzero and each entry on the superdlagonal
is nonzero.
Overview
In this talk, I win first recall the notion of a
Leonard pair and discuss how these objects
are retated to certain classical orthogonal poly-
nomials.
I wii then define a generalization of a Leonard
pair called a Tridiagonal pair.
I witl then show how certain tridiagonalpairs
are related to finite dimensional modules for
the quantum affine a|gebra $U_{q}(\overline{sl2})_{-}$
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The Definition of a Leonard Pair
Definition Let $V$ denote a vector space over $\mathrm{K}$
$\mathrm{w}|T\mathrm{h}$ finite positive dimension. By a Leonard
pair on $V$ , we mean a pair of linear transfor-
mations $A$ : $Varrow V$ and $A^{*}$ : $Varrow V\mathrm{w}\cap|\mathrm{c}\mathrm{h}$
satisfy both conditions below,
1. There exists a basis for $V$ with respect
to which the mat(ix representing $A$ is $i\mathrm{r}-$
reduclb{e trichagonal and the matrix repre-
senting $A^{*}$ is diagonal.
2. There exists a basis for $V$ with respect to
which the mat\ulcorner ix representing $A^{*}$ is
$\mathrm{i}$ rre-
ducible tridiagona! and the matrix repre-
senting $A$ is diagonal.
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Example of a Leonarci pair
Why Leonard pairs are of interest
$\mathrm{T}$here is a natural correspondence between Leonard
Pairs and a family of orthogonal polynom ta is





$A^{*}=$ diag $(d, d- \mathit{2}, d-4, \ldots, -d)$
is a Leonard pair on the vector space $\mathrm{K}_{1}^{d+1}$
provided the characteristic of $\mathrm{K}$ is 0 or an odd
prime $\mathrm{g}$ reater than $d$
Reason There exists an invertlble matrix $P$













orPhans ( $\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}(\mathbb{K}) =2$ only).
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This family coincides wIth the terminating branch
of the Askey scheme of orthogona $($ polynomi-
als.
6
Definition of a Tridiagonal pair
Tridiagonal Pairs
We now consider a generalIzation of a Leonard
pair calIed a tridiagonal pair
A tridiagona1 pair is defined as follows.
As before, V will denote a vector space over IK
with finite Positlve dimension.
As before we consider a pair of linear trans-
formations A. V $arrow V$ and $A^{*}$ : V $arrow V$ .
’
We say the pair $A,$ $A^{*}$ is a Tridiagonal pair on
$V$ whenever (1)$-(4)$ hotd below.
1. Each of A, $A^{*}$ is diagonalizabJe on V.
2. There exists a n orderin9 $V_{0\}}V_{1},$ \ldots , $V_{d}$ of
the eigenspaces of A such that
$A^{*}V_{i}\subseteq V_{i-1}+V_{i}+V_{\epsilon+1}$ $(0\leq i\leq d)$ ,
where $V_{-1}=0,$ $V_{d+1}=0$ .
3. There exists an ordering $V_{0}^{*},$ $V_{1}^{*},$ . . . , $V_{\delta}^{*}$ of
the $\mathrm{e}i\mathrm{g}\mathrm{e}\mathrm{n}\mathrm{s}\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{e}\mathrm{s}$of $A^{*}$ such that
$AV_{i}^{*}\subseteq V_{i-1}^{*}+V_{i}^{*}+V_{i+1}^{*}$ $(0\leq i\leq\delta)$ ,
where $V_{-1}^{*}=0,$ $V_{\delta+1}^{*}=0$
4. There is no subspace $W\underline{\subseteq}V$ such that





Referring to our definition of a tridiagonal pair,
it turns out $d=\delta j$ we call th1s the diameter
of the pair.
We mentioned a tridiagonal pair is a general-
ization of a Leonard pair.
A Leonard pair is the same thing as a tridiag-
ona[ pair for which the eigenspaces $V_{i}$ and $V_{i}^{*}$
$\mathrm{a}||$ have dimension 1.
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An open problem
Problem Classify the $\mathrm{t}\ulcorner i\mathrm{d}i\mathrm{a}\mathrm{g}\mathrm{o}\mathrm{n}\mathrm{a}\mathrm{l}$ palrs.
For the rest of $\mathrm{t}\mathrm{h}i\mathrm{s}$ tatk we focus on a special
case of tridiagonal pair said to have geometric
type.
we will show these tridiagonat patrs are $\mathrm{r}\mathrm{e}|\mathrm{a}\mathrm{t}\mathrm{e}\mathrm{d}$
to $U_{q}(\overline{sl_{2}})$ .
we hope this $\mathrm{W}\mathfrak{l}||$ lead to a classification of the
tridiagona! pairs of geometric type.
Let A, $A^{\mathrm{v}}$ denote a tridiagonal pair on V with
diameter d.
Let the eigenspaces $V_{i},$ $V_{i}^{*}(0\leq i\leq d)$ be as in
the definition
Let q denote a nonzero scalar 1 nK which is not
a root of unity.
We say A, $A^{*}$ has $q$-geometric type whenever
for $0\leq i\leq d$ , the eigenvalue of A for $V_{i}$ is
$q^{2i-d}$
and the eigenvalue of $A^{*}$ for $V_{\uparrow}^{*}\dot{\mathfrak{l}}\mathrm{S}q^{d-2\mathrm{z}}$ .
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Tridiagonal pairs of geometric
type and $U_{q}(\overline{sl_{2}})$
For the rest of this talk, $A,$ $A^{*}$ denotes a tridi-
agonal pair on $V$ of $\mathrm{d}$ iameter $d$ and $q$-geometric
type.
Using $A,$ $A^{*}$ we wilt construct two actions of
$U_{q}(\overline{sl_{2}})$ on V.
We use the following notation.
By a decomposition of V, we mean a se-
quence $U_{0},$ $U_{1},$ $\ldots,$ $U_{d}$ conslsting of nonzero sub-
sPaces of $V$ such that
$V=U_{0}+U_{1}+\cdots+U_{d}$ (dlrect sum).
We do not assume each of $U_{0},$ $U_{1},$ \ldots , $U_{d}$ has
dimension 1.
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six Decompositions of $V$
We are about to define six decompositions of
V.
In order to keeP track of these decomposttions
we will give each of them a name.
Our naming scheme is as folow s.
Let $\Omega$ denote the set consisting of the four
symbols 0 , $D,$ $0^{*},$ $D^{*}$ .
Each of the six decom $\mathrm{p}\mathrm{o}\mathrm{s}\mathrm{i}\mathrm{t}i\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{w}\dot{\iota}\mathrm{I}|$ get a name
[u] where u is a two-element subset of $\Omega$ .




six Decompositions of v, cont.
Lemma For each of the six rows in the table
be1ow, and for $0\leq i\leq d_{7}$ let $U_{i}$ denote the
ith subspace described in that row. Then the




How the six decompositions
are related
Let $U_{0},$ $U_{1},$ $\ldots,$ $U_{d}$ denote any one of the six
decompositions of $V$ Then for $0\leq i\leq d$ the
sums $U_{0}+\cdots+U_{i}$ and $U_{i}+\cdot-+U_{d}$ are given
as foiows.
We now define four linear transformations from
V to V.
We caII these B, $B^{*},$ K, $K^{*}$ .
Each of these transformations is diagonaliz-
able.
To define them, we list their eigenspaces and




$\frac{qAB-q^{-1}BA}{q-q^{-1}}$ $=$ $I$ ,
$\frac{qBA^{*}-q^{-1}A^{*}B}{q-q^{-1}}$ $=$ $I$ ,
$\frac{qA^{*}B^{*}-q^{-1}B^{*}A^{*}}{q-q^{-1}}$ $=$ $f$ ,
$\frac{qB^{*}A-q^{-1}AB^{*}}{q-q^{-1}}$ $=$ $I$ .
19
The linear transformations
$B,$ $B^{*},$ $K,$ $K^{*}$
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$[_{\mathit{7}b}]_{q}= \frac{q^{n}-q^{-n}}{q-q^{-1}}$, n $=0_{\gamma}1,\ldots$
21 22
The algebra $U_{q}(\overline{sl_{2}})$
Tridiagonal pairs of geometric type
and $U_{q}(\overline{sl_{2}})$
We now use $A,A_{?}^{*}B,$ $B^{*},$ K, $K^{*}$ to get two ac-
tions of $U_{q}(\overline{sl_{2}})$ on V.
Before proceeding we recal the definition of
$U_{q}(\overline{sl_{2}})$ .
Definition The quantum afiine algebra $U_{q}(.\overline{sl_{2}})$
is the unital associative $\mathrm{K}$-algebra with gen-




$K_{i}e_{i}^{\pm}K_{i}^{-1}$ $=q^{\pm 2}\mathrm{e}_{i}^{\pm}$ ,
$K_{i}e_{j}^{\pm}K_{i}^{-1}$ $=q^{\mp 2}e_{j}^{\pm}$ , $i\neq j_{\}$
$[e_{i}^{+}, e_{i}^{-}]$ $=$ $\frac{K_{i}-K_{i}^{-1}}{q-q^{-1}}$ ,
$[e_{0}^{\pm}, e_{1}]$ $=$ $0$ ,
$(e_{i}^{\pm})^{3}e_{j}^{\pm}-[3]_{q}(e_{i}^{\pm})^{2}e_{j}^{\pm}e_{i}^{\pm}+[3]_{q}e_{i}^{\pm}e_{\mathrm{j}}^{\pm}(e_{i}^{\pm})^{2}$
$-e_{j}^{\pm}(e_{\dot{\mathrm{t}}}^{\pm})^{3}=0_{\mathrm{t}}$ i $\neq j_{-}$
we call $e_{i}^{\pm},$ $K_{i}^{\pm 1},$ $i\in\{0,1\}$ the Chevalley gen-
erators for $U_{q}(\overline{sl_{2}})$ .
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Anotller presentat[on of $U_{q}(\overline{sl_{2}})$
In order to state our main resutts we introduce
a second presentation of $U_{q}(\overline{sl2})$
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Alternate presentation of $U_{q}(\overline{st_{2}})$
theorem The $\mathrm{q}$ uantum afFIne algebra $U_{q}(\overline{sl_{2}})$ is
is morphic to the unital associatrve K-algebra









$\frac{qy_{i}^{+}y_{j}^{-}-q^{-1}y_{j}^{-}y_{i}^{+}}{q-q^{-1}}$ $=$ $k_{0}^{-1}k_{1}^{-1}$ , $i\neq I$ ,
$(y_{i}^{\pm})^{3}y_{\mathrm{j}}^{\pm}-[3]_{q}(y_{i}^{\pm})^{2}y_{j}^{\pm}y_{i}^{\pm}+[3]_{q}y_{1}^{\pm}v_{j}^{\pm}(y_{i}^{\pm})^{2}$
$-y_{j}^{\pm}(y_{i}^{\pm})^{3}=0_{7}$ $i\neq j$.




Two actions for $U_{q}(\overline{st_{2}})$
From the prevtous theorem we readity $\mathrm{o}\mathrm{b}\mathrm{t}\mathrm{a}i\cap$
the follow $i\mathrm{n}\mathrm{g}$ .
Theorem Let A, $A^{*}$ denote a tridiagonal pair
on V of geometrtc type Let the maps B, $B^{*},$ K, $K^{*}$
be as above.
Then $V$ is a $\mathrm{n}$ $|\mathrm{r}\mathrm{r}\mathrm{e}\mathrm{d}$’ ucible $U_{q}(\overline{sl_{2}})-\mathrm{m}\mathrm{o}\mathrm{d}$ule on
whtch the $\mathrm{a}|\mathrm{t}\mathrm{e}\mathrm{r}\cap \mathrm{a}\mathrm{t}\mathrm{e}$ generators act as follows.
generator $y^{+}$ $y^{+}$ $y^{-}$ $y^{-}$ $k0$ $k_{1}$ $k^{-1}$ $k^{-1}$
action on $V$ $B^{*}$ $B$ $A^{*}$ $A$ $K$ $K^{-}$ $K^{-}$ $K$
Corollary Let V denote a vector space over $\mathrm{K}$
with finite $\mathrm{p}\mathrm{o}\mathrm{s}\mathrm{i}\mathrm{t}.|\mathrm{v}\mathrm{e}$ dimension.
Let $A,$ $A^{*}$ denote a tridiagonal palr on V of
geometric tyPe.
Then there $\mathrm{e}\mathrm{x}|\mathrm{s}\mathrm{t}\mathrm{s}$ a $\mathrm{u}\cap \mathrm{i}\mathrm{q}\mathrm{u}\mathrm{e}U_{Q}(\overline{sl_{2}})- \mathrm{m}\mathrm{o}\mathrm{d}$ ule struc-






Moreover there exists a unique $U_{q}(\overline{sl_{2}})$-module
structure on V such that $y_{0}^{+}$ acts as A and $y_{1}^{+}$
acts as $A^{*}$ .
Both $U_{q}(\overline{sl_{2}})$-module structures are irreductble.
THE EN $\mathrm{D}$
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